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Small mass impactors, such as runway debris and hailstones may result in a wave controlled local response, which is
essentially independent of boundary conditions. The higher-order impact model of sandwich beams presented by Mijia
and Pizhong [Mijia, Y., Pizhong, Q., 2005. Higher-order impact modeling of sandwich structures with ﬂexible core. Inter-
national Journal of Solids and Structures 42 (10), 5460–5490] is developed and enhanced to impact analysis of sandwich
panels with transversely ﬂexible cores. Therefore, an improved fully dynamic higher-order impact theory is developed to
analyze the low-velocity impact dynamic of a system which consists of a composite sandwich panel with transversely ﬂex-
ible core and multiple small impactors with small masses. Impacts are assumed to occur normally and simultaneously over
the top face-sheet with arbitrary diﬀerent masses and initial velocities of impactors. The contact forces between the panel
and the impactors are treated as the internal forces of the system. First shear deformation theory (FSDT) is used for the
face-sheets while three-dimensional elasticity is used for the soft core. The fully dynamic eﬀects of the core layer and the
face-sheets are considered in this study. Contact area can be varied with contact duration. The results in multiple mass
impacts over sandwich panels that are hitherto not reported in the literature are presented based on proposed improved
higher-order sandwich plate theory (IHSAPT). Finally, for the case study of the single mass impact, the numerical results
of the analysis have been compared either with the available experimental results or with some theoretical results. As no
literature could be found on the impact of multiple impactors over sandwich panels, the present formulation is validated
indirectly by comparing the response of two cases of double small masses and single small mass impacts. Also, in order to
demonstrate the applicability of the validation, the analytical relation of minimum distance between two impactors is
derived based on Olsson’s wave control principle in this paper.
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Structural eﬃciency is an important attribute for aircraft structures. Sandwich structures have historically
been known to have the potential for high-structural eﬃciency and have been used extensively in stiﬀness-crit-
ical aircraft secondary structures. The application of sandwich structures has been restricted due to their mois-
ture absorption and retention characteristics and due to an insuﬃcient understanding of impact-damage
mechanisms and the eﬀect of such damage on structural performance.
Driven by stringent weight saving requirements composite sandwich construction has evolved as one of the
basic structural design concepts for load-carrying components of advanced airplanes and helicopters. Partic-
ularly, sandwich using laminated carbon ﬁber reinforced plastics (CFRP) as face-sheets and honeycombs as
core material is increasingly used due to features such as high strength-to-weight and stiﬀness-to-weight ratios
as well as an excellent fatigue behavior. While oﬀering unique advantages, sandwich is also prone to a range of
defects and damages. Due to the thin, brittle skins and the weak core material CFRP sandwich structures are
particularly susceptible to impact loading which may accidentally occur during assembly or operation of the
aircraft. Since these damages may have detrimental eﬀects on the load carrying capability, they have to be con-
sidered in the damage tolerant design of aerospace structures. Hailstorms present severe meteorological haz-
ards for airplanes and have caused extensive damage to airplane structure and disruptions to airline
operations. Thin-gage sandwich wing leading edges, engine nose cowls, control surfaces and fairing compo-
nents are most susceptible to impact damage and may require immediate structural strength veriﬁcation or
repair before returning to service. Impact by small mass runway debris or hailstones will generally be associ-
ated with multiple impactors causing multi-site damage and is therefore a major maintenance and repair con-
cern for the airlines.
It is common to classify impact as ‘‘high velocity’’ and ‘‘low velocity’’ impact, but it has been shown that
the response type under elastic conditions only is dependent on the impactor/plate mass ratio, Olsson (2000).
Thus, small mass impact is governed by transient wave propagation and is essentially independent of plate size
and boundary conditions. Large mass impact response is essentially quasi-static, i.e., obeys static load–dis-
placement relations, and is strongly dependent on plate geometry and boundary conditions. Extensive
research has been devoted to the impact behavior of composite laminates in general (Abrate, 1998; Sun
and Chattopadhyay, 1975; Khalili, 1992; Olsson, 1992). The work on sandwich structures is limited. A great
deal of research on the impact of composite sandwich panels has been experimental and/or numerical in nat-
ure (Bernard and Lagace, 1989; Koller, 1986; Lee et al., 1993). Few analytical solutions have been proposed
for the problem because of the complicated interaction between the composite face-sheet and the core during
deformation and failure. The work of Ambur and Cruz (1995) may be mentioned in which a local-global anal-
ysis was carried out to determine the contact force and displacement of the panel. Gong and Lam (2000) used
a spring-mass model having two degrees-of-freedom in order to determine the history of contact force pro-
duced during impact. They included structural damping also in their model. Recently, a complete review of
the subject of impact on sandwich structures was carried out by Abrate (1997). Hoo Fatt and Park (2001)
obtained analytic solutions for the transient deformation response of sandwich panels. Olsson (2002) also gave
an engineering method for predicting the impact response and damage in sandwich panels. Various
approaches have been proposed for the analysis of impact response of sandwich panels. The classical method
decouples the local and global responses and ignores any interaction between the two. The concentrated trans-
verse normal and shear stresses between the face-sheets and the core, caused by impact of foreign objects, such
as a drop weight, are very important in the case of sandwich structures and could lead to premature failure at
load levels much lower than the predicted failure load determined using classical theories. The ﬂexibility of the
low-strength core aﬀects the overall behavior of sandwich structures and prompts stress concentrations in the
vicinity of localized loads and at the face sheet–core interfaces. The ﬁrst-order shear deformation theory
(FSDT) and higher-order shear deformation theories (HSDT) do not consider the ﬂexibility of the core in
transverse direction, and the interaction between face-sheets and the soft ﬂexible core is neglected (Khalili
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(Frostig, 1998; Frostig and Baruch, 1994; Frostig and Thomsen, 2004; Mijia and Pizhong, 2005). Frostig and
Thomsen (2004) considered two types of computational models. The ﬁrst model (inconsistent model) used the
vertical shear stresses in the core in addition to the displacements of the upper and the lower face-sheets as its
unknowns. The second model (consistent model) assumed a polynomial description of the displacement ﬁelds
in the core that was based on the displacements ﬁelds of the ﬁrst model. In this case the unknowns were the
coeﬃcients of these polynomials in addition to the displacements of the various face-sheets. The disadvantage
of this model is that there are higher-order stress resultants in the core that have only a mathematical meaning
and are physically meaningless (Frostig and Thomsen, 2004). In this model, a core with a shear free edge is
deﬁned by high-order stress resultants (they are physically meaningless) rather than by the conditions of null
shear stresses in the ﬁrst model (they mean physically). In other words, it is nearly impossible to impose a real
shear-free edge of the core with the second model. In the ﬁrst computation model, the inertia forces of the core
are transferred to the face-sheets and are not incorporated into the governing equations of motion in the core.
Hence, the stress and the displacement ﬁelds in the core can be described by the closed-form analytical solu-
tion of its three-dimensional static governing equations (Frostig and Thomsen, 2004). The analytical solution
of these ﬁelds consists of a cubic distribution, through the thickness of the core, for the in-plane displacements
and a quadratic one for the vertical displacement. The ﬁrst Frostig’s model is based on the displacement ﬁelds,
which vary non-linearly with the height of the core, both in the longitudinal and vertical directions. At the
same time, the acceleration ﬁelds of the core in the longitudinal and vertical directions are assumed to vary
linearly with height. In this respect, the higher-order dynamic model is inherently inconsistent. This inconsis-
tency has only a minor eﬀect on the accuracy of the numerical results when simulating dynamic analysis of
sandwich panels and beams (Frostig and Thomsen, 2004; Mijia and Pizhong, 2005). The two computational
models yield nearly identical results in spite of the inconsistency in the description of the velocities/accelera-
tions and the displacement distributions through the depth of the core in the ﬁrst model. The compare very
well with the various plate theories and they enhance the physical insight of dynamic behavior of sandwich
panels with a ‘‘soft’’ core and should be used whenever a sandwich construction consists of a low-strength core
(Frostig and Thomsen, 2004; Mijia and Pizhong, 2005). In the ﬁrst computation model, the inertia forces of
the core are transferred to the face-sheets and are not incorporated into the governing equations of motion in
the core. Mijia and Pizhong (2005) developed a higher-order inconsistent impact model to simulate the
response of a soft core sandwich beam subjected to a foreign object impact. They enhanced the ﬁrst Frostig’s
model (higher-order sandwich plate theory) with considering and incorporating of the inertia forces of the core
into the governing equations of motion in the core of the beam structures. A free vibration problem of sand-
wich beams is ﬁrst solved by Mijia and Pizhong (2005), and the results are validated by comparing with
numerical ﬁnite element modeling results of ABAQUS and the solution by Frostig and Baruch (1994). Then
a foreign object impact process is incorporated in the higher-order inconsistent model, and the contact force
and deﬂection history as well as the propagation of transverse normal, shear, and axial stresses during the
impact are analyzed and discussed (Mijia and Pizhong, 2005). The validity of the model in the impact response
predictions is demonstrated by comparing with FEM solutions of LS-DYNA. The higher-order inconsistent
theory (the ﬁrst Frostig’s higher-order theory) provides accurate predictions of the generated stresses and
impact process and can be used eﬀectively in design analysis of anti-impact structures made of sandwich mate-
rials (Mijia and Pizhong, 2005). Using and developing of Mijia and Pizhong’s method, recently Malekzadeh
et al. (2004, 2005) enhanced the ﬁrst Frostig’s model with introducing of ﬁrst shear deformation theory
(FSDT) in face-sheets and incorporating of the inertia forces of the core into the governing equations of
motion in the core of the panels. Anderson (2005) describes an investigation of single degree-of-freedom mod-
els for large mass impact on composite sandwich laminates. The stiﬀness parameters of the models are derived
from the results of three-dimensional quasi-static contact analyses of a rigid sphere indenting a multi-layer
sandwich laminate. The improved higher-order sandwich plate theory (Frostig and Thomsen, 2004) incorpo-
rating the impact process is developed and used to study the local deﬂection and stress concentration eﬀects of
the impact. All publications found deal with the response of a sandwich structure subjected to an impact of
only a single impactor mass. As no literature could be found on the impact of multiple impactors, the present
formulation is validated indirectly by comparing the local responses of two cases of double masses and single
mass impacts. In these cases the masses and velocities of impactors, boundary conditions, material properties
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the validation method, Olsson’s wave control principle is used. In the ﬁrst case the panel was impacted at two
locations (x1,y1) and (x2,y2) simultaneously and in the second case the panel was impacted at one location
(x1,y1). The left half of these two cases is identical.
2. Formulation
The rectangular sandwich ﬂat panel studied in this paper is composed of two FRP composite laminated
and symmetric face-sheets and a core of thickness hc. The panel is assumed to have a length a, width b
and a total thickness h as shown in Fig. 1, where coordinates and sign conventions are also shown. The
assumptions used in the present analysis are same as those encountered in linear elastic small deformation
theories (Frostig and Thomsen, 2004; Mijia and Pizhong, 2005). The core behavior follows the same
assumption as has been adopted by many researchers for the honeycomb type of core (Frostig and Thomsen,
2004). The distributions of the accelerations through the depth of the core are assumed to take the shape of
the static displacement ﬁelds under dynamic loads, an approach commonly used in many dynamic analyses of
ordinary beams, plates and shells, see for example Shames and Dym (1991). Notice that this simpliﬁcation is
applied to the kinetic inertia terms only. The top and bottom face-sheets and the core are assumed to be
perfectly bonded. The eﬀects of secondary contact loadings are assumed to be negligible. Therefore, the
contact force only acts over impacted surface of panel during the ﬁrst contact duration. Impacts are assumed
to occur normally over the top face-sheet in arbitrary locations and with arbitrary diﬀerent impactor
masses and initial velocities. In this study, it is assumed that the vibration of the impactor can be
neglected.
2.1. Governing equations of motion of system of impactors and panel
The system consists of N spherical impactor masses striking at the locations (xi,yj), i, j = 1,2, . . . ,N on the
top surface of a rectangular sandwich panel with laminated composite face-sheets. The masses of the impac-
tors are M1,M2, . . . ,MN, respectively.
The governing equations were derived by Frostig and Thomsen (2004) using the principle of virtual work.
The present authors have used these equations with modiﬁcations for fully dynamic analysis in order to study
the vibrations of sandwich plates (Malekzadeh et al., 2005). The full dynamic eﬀect (i.e., the mass inertia and
the horizontal vibration of the core) is considered in the analysis. They have been further modiﬁed by incor-
porating ﬁrst shear deformation theory (FSDT) in face-sheets. The mathematical formulation uses the
Hamilton principle to derive the equations of motion along with the appropriate boundary conditions that
include also rotary inertia terms. The formulation is general and is valid for any type of core, for any type
of boundary conditions as well as the cases where the conditions at the upper face sheet are diﬀerent from
the lower one at the same edge, and to any type of loading, distributed or localized. The model yields results
in the form of displacements, stress resultants in the face-sheets, displacements and stress ﬁelds in the core, asFig. 1. Sandwich panel with laminated face-sheets. Panel coordinates and dimensions are also shown.
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ary conditions are derived using Hamilton’s principle which requires thatd
Z t2
t1
½Ue þ V e  T edt ¼ 0 ð1Þwhere Te, Ue and Ve are respectively, the kinetic, internal potential and external energies and d is the varia-
tional operator, variable t represents time and the variation is taken over the time interval t2  t1.
The variation dUe of the internal potential energy isdUe ¼
Z
V t
ðrtxxdetxx þ rtyydetyy þ stxydctxyÞdvþ
Z
V b
ðrbxxdebxx þ rbyydebyy þ sbxydcbxyÞdv
þ
Z
V core
ðscxzdccxz þ scyzdccyz þ rczzdeczzÞdv ð2Þwhere rii and eii (i = x or y) are the normal stresses and strains in x-and y-directions, superscripts t and b cor-
respond, respectively, to the upper and the lower face sheets; sciz and c
c
iz (i = x or y) are the vertical shear stres-
ses and shear strains in the core; rczz and e
c
zz are the normal stress and strain in the vertical direction of the core
(Frostig and Thomsen, 2004); vt, vb and vcore are the volumes of the upper and lower face sheets and the core,
respectively. The variation of the external work equalsdV ¼ 
Z a
0
Z b
0
ðnxtdu0t þ nxbdu0b þ nytdv0t þ nybdv0b þ qtdwt þ qbdwbÞdxdy ð3Þwhere qt and qb are the vertical distributed static or dynamic loads exerted on the upper and lower face-sheet
of plate, respectively; nxj and nyj (j = t,b) are the in-plane external loads in the longitudinal and transverse
direction, respectively, of the upper and the lower face-sheets; wj, u0j and v0j are the vertical deﬂection and
in-plane displacements in x- and y-directions of the mid-plane of each face-sheet respectively (j = t,b). Geom-
etry and sign convention for stresses, displacements, and loads appears in Fig. 2. The ﬁrst variation of the
kinetic energy, upon assuming homogeneous conditions for the displacement and the velocity at t = t1, t2, isdT ¼ 
Z t2
t1
Z a
0
Z b
0
Z ht=2
ht=2
qtð€u0tdu0t þ €v0tdv0t þ €wtdwtÞdzdy dx
"
þ
Z a
0
Z b
0
Z hb=2
hb=2
qbð€u0bdu0b þ €v0bdv0b þ €wbdwbÞdzdy dx
þ
Z a
0
Z b
0
Z c
0
qcð€ucduc þ €vcdvc þ €wcdwcÞdzdy dx

dt ð4Þwhere qt, qb and qc are the densities of the upper face-sheet, lower face-sheet and the core respectively; €u0t, €v0t,
€wt are the acceleration components of the upper face-sheet while €u0b, €v0b and €wb are the acceleration compo-
nents of the lower face-sheet. €uc, €vc and €wc are the acceleration components of the core. In all cases, u and v
components are horizontal while w component is vertical. Also, (ÆÆ) denotes the second time derivative. Con-
sidering small deformations and rotations, the kinematic relations for the face-sheets, based on FSDT, areujðx; y; z; tÞ ¼ u0jðx; y; tÞ þ zj  wxjðx; y; tÞ
vjðx; y; z; tÞ ¼ v0jðx; y; tÞ þ zj  wyjðx; y; tÞ
wjðx; y; z; tÞ ¼ w0jðx; y; tÞ
ð5Þwhere wxj and wyj (j = t,b) are the rotation components of the transverse normal about the y- and x-axes of the
mid-plane of the upper and lower face-sheets, respectively. zj is the vertical coordinate of each face-sheet
(j = t,b) and is measured downward from the mid-plane of each face-sheet (see Figs. 1 and 2). The kinematic
relations of the core that are based on small deformations areccxz ¼ uc;z þ wc;x; ccyz ¼ vc;z þ wc;y ; eczz ¼ wc;x ð6Þ
Fig. 2. Geometry and stress resultants for presented model: (a) geometry; (b) stresses, stress resultants and external loads exerted on the
face-sheets and the core.
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the core, respectively, and zc is the vertical coordinate of the core, measured downward from the upper
face-sheet–core interface (see Fig. 1). The compatibility conditions, assuming perfect bonding between the core
and the face-sheets, at the upper and the lower face-sheet–core interface, (zc = 0,c), areucðzc ¼ cÞ ¼ u0b  ðhb=2Þwxb; ucðzc ¼ 0Þ ¼ u0t þ ðht=2Þwxt
vcðzc ¼ 0Þ ¼ v0t þ ðht=2Þwyt; vcðzc ¼ cÞ ¼ v0b  ðhb=2Þwyb
wcðzc ¼ 0Þ ¼ w0t; wcðzc ¼ cÞ ¼ w0b
ð7ÞThe shear stresses scxz and s
c
yz in the core, are uniform through the height of the core and are functions of the x,
y and t only. The constitutive relations for an orthotropic anti-plane compressible core areeczz ¼ rczz=Ec
ccxz ¼ scxz=Gcx
ccyz ¼ scyz=Gcy
ð8Þwhere Gc and Ec are the shear modulus in the vertical plane and the elastic modulus in the vertical direction of
the core material, respectively. Using the assumption that the acceleration components of the core can be
approximated by a linear interpolation of the top face sheet and the bottom face-sheet accelerations (Frostig
and Thomsen, 2004), we have€wcðx; y; zc; tÞ ¼ ð€w0b  €w0tÞðzc=cÞ þ €w0t
€ucðx; y; zc; tÞ ¼ ð€ubotc  €utopc Þðzc=cÞ þ €utopc
€vcðx; y; zc; tÞ ¼ ð€vbotc  €vtopc Þðzc=cÞ þ €vtopc
ð9Þwhere €utopc , €u
bot
c , €v
top
c and €v
bot
c are, respectively, the horizontal in-plane accelerations of the upper and the lower
face-sheet–core interfaces. The displacements of the top and bottom face-sheets are very close at any transient
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should be emphasized that these simpliﬁcations are used only to evaluate the inertial participation eﬀects of
the core. Using the compatibility conditions (7), Eq. (9) can be written as follows:€uc ¼ ½€u0b  ðhb=2Þ€wxb zcc þ ½€u0t þ ðht=2Þ
€wxt 1 zcc
h i
€vc ¼ ½€v0b  ðhb=2Þ€wyb zcc þ ½€v0t þ ðht=2Þ
€wyt 1 zcc
h i
€wcðx; y; zc; tÞ ¼ ð€w0b  €w0tÞ  zcc þ €w0t
ð10ÞFor in-plane stress resultants, constitutive equations are as follows:Nixx ¼ Ai11ei0xx þ Ai12ei0yy þ Ai16ei0xy
N iyy ¼ Ai12ei0xx þ Ai22ei0yy þ Ai26ei0xy ði ¼ t; bÞ
Nixy ¼ Ai16ei0xx þ Ai26ei0yy þ Ai66ei0xy
ð11Þand for moment resultantsMixx ¼ Di11jixx þ Di12jiyy þ Di16jixy
Miyy ¼ Di12jixx þ Di22jiyy þ Di26jixy ði ¼ t; bÞ
Mixy ¼ Di16jixx þ Di26jiyy þ Di66jixy
ð12Þwherejixx ¼ wix;x; jiyy ¼ wiy;y ; jixy ¼ wix;y þ wiy;x
jixx and j
i
yy are the curvatures in the x- and y-directions, respectively and j
i
xy is the torsion curvature of the
face-sheets. ei0xx, e
i0
yy , e
i0
xy are the mid-plane strain components. In Eqs. (11) and (12), i = t,b is a superscript
and means the top or the bottom face-sheets.
Using Hamilton’s principle (Eqs. (1)–(4)), kinematic relations (Eqs. (5)–(7), (11) and (12)) and stress resul-
tants, deﬁned in Fig. 2, we can obtain the equations of motion and the appropriate boundary conditions.Ntxx;x þ Ntxy;y þ scxzðzc ¼ 0Þ ¼ I0t€u0t
Nbxx;x þ Nbxy;y  scxzðzc ¼ cÞ ¼ I0b€u0b
Qtx;x þ Qty;y þ qt þ rczzðzc ¼ 0Þ ¼ I0t€w0t
Qbx;x þ Qby;y þ qb  rczzðzc ¼ cÞ ¼ I0b€w0b
N tyy;y þ Ntxy;x þ scyzðzc ¼ 0Þ ¼ I0t€v0t
Nbyy;y þ Nbxy;x  scyzðzc ¼ cÞ ¼ I0b€v0b
Mtxx;x þMtxy;y  Qtx þ scxzðzc ¼ 0Þ  ðht=2Þ ¼ I2t€wxt
Mbxx;x þMbxy;y  Qbx þ scxzðzc ¼ cÞ  ðhb=2Þ ¼ I2b€wxb
Mtxy;x þMtyy;y  Qty þ scyzðzc ¼ 0Þ  ðht=2Þ ¼ I2t€wyt
Mbxy;x þMbyy;y  Qby þ scyzðzc ¼ cÞ  ðhb=2Þ ¼ I2b€wyb
scxz;z ¼ qc€uc
scyz;z ¼ qc€vc
scxz;x þ scyz;y þ rczz;z ¼ qc€wc
ð13ÞThe boundary conditions for each face-sheet and the core at the panel edges, i.e., at x = 0,a and y = 0,b are
derived. These boundary conditions are obtained in Appendix A. Further, Ijt and Ijb are the moments of iner-
tia for the upper and lower face-sheets and read as follow;Ijt ¼
Z ht=2
ht=2
qtz
j dz; Ijb ¼
Z ht=2
ht=2
qbz
j dz; j ¼ 0; 2 ð14Þ
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c
yzðzc ¼ 0; cÞ and rczzðzc ¼ 0; cÞ are the shear and the vertical normal stresses at the upper and the lower
interfaces between the core and the face-sheets, respectively, and Qjx and Q
j
y are distributed shear forces per
unit length of edges (j = t,b) in the x- and y-directions respectively, at the edges of upper and lower face-
sheets. Using the three last dynamic governing partial diﬀerential equations of Eq. (13), the constitutive
law of the core material and satisfying the continuity conditions for the top and bottom face–sheets, yields
the following analytical relations of normal stress and vertical displacement in the core:rczzðx;y;zcÞ¼
ðscxz;xþ scyz;yÞ
2
ð2zc cÞþðw0bw0tÞEcc þqc €w0b
z2c
2c
 c
6
 
 €w0t z
2
c
2c
 zcþ c
3
  
ð15Þ
wcðx;y;zcÞ¼
ðscxz;xþ scyz;yÞ
2Ec
ðz2c c  zcÞþðw0bw0tÞ 
zc
c
þw0tþ qc
6Ec
€w0b
z3c
c
 czc
 
 €w0t z
3
c
c
3z2cþ2czc
  
ð16ÞAlso, the analytical relations of in-plane displacements of the core in x- and y-directions through the depth
of the core are as follows:ucðx; y; zcÞ ¼ s
c
xz  zc
Gc
 ðs
c
xz;xx þ scyz;yxÞð3cz2c  2z3cÞ
12Ec
 ðw0b;x  w0t;xÞ  z
2
c
2c
 w0t;x  zc
þ qc
24Ec
€w0b;x 2cz2c 
z4c
c
 
þ €w0t;x 4cz2c þ
z4c
c
 4z3c
  
þ ðht=2Þ  wxt þ u0t ð17Þ
vcðx; y; zcÞ ¼
scyz  zc
Gc
 ðs
c
xz;xy þ scyz;yyÞð3cz2c  2z3cÞ
12Ec
 ðw0b;y  w0t;yÞ  z
2
c
2c
 w0t;y  zc
þ qc
24Ec
€w0b;y 2cz2c 
z4c
c
 
þ €w0t;y 4cz2c þ
z4c
c
 4z3c
  
þ ðht=2Þ  wyt þ v0t ð18ÞThe four additional equations required are determined by using Eqs. (7), (9), (10) and the three end equa-
tions of (13) with z = c and the full bond requirement at the lower face-sheet–core interface (Frostig and
Thomsen, 2004)u0b  u0t ¼ s
c
xz  c
Gc
 ðs
c
xz;xx þ scyz;yxÞc3
12Ec
 ðw0t;x þ w0b;xÞc=2þ ðhtwxt þ hbwxbÞ
2
þ qcc
3
24Ec
ð€w0b;x þ €w0t;xÞ ð19Þ
v0b  v0t ¼
scyz  c
Gc
 ðs
c
xz;xy þ scyz;yyÞc3
12Ec
 ðw0t;y þ w0b;yÞc=2þ
ðhtwyt þ hbwybÞ
2
þ qcc
3
24Ec
ð€w0b;y þ €w0t;yÞ ð20ÞSimilar expressions to Eqs. (16)–(20), can be found in the other articles (see for example, Mijia and Pizhong,
2005). The eﬀects of mass inertia of the core in the transverse direction can be seen in the above equations.
Finally, the governing equations can be expressed in terms of the displacement ﬁelds of the upper and the
lower face-sheets, as well as shear stresses in the core, using Eqs. ((13)–(20)) as follows:At11u0t;xx þ At12v0t;xy þ At16ð2u0t;xy þ v0t;xxÞ þ At26v0t;yy þ At66ðu0t;yy þ v0t;xyÞ þ scxzðzc ¼ 0Þ ¼ I0t€u0t
Ab11u0b;xx þ Ab12v0b;xy þ Ab16ð2u0b;xy þ v0b;xxÞ þ Ab26v0b;yy þ Ab66ðu0b;yy þ v0b;xyÞ  scxzðzc ¼ cÞ ¼ I0b€u0b
jAt45ð2w0t;xy þ wyt;x þ wxt;yÞ þ jAt55ðw0t;xx þ wxt;xÞ þ jAt44ðw0t;yy þ wyt;yÞ þNt þ qt þ rczzðzc ¼ 0Þ ¼ I0t€w0t
jAb45ð2w0b;xy þ wyb;x þ wxb;yÞ þ jAb55ðw0b;xx þ wxb;xÞ þ jAb44ðw0b;yy þ wyb;yÞ þNb þ qb  rczzðzc ¼ cÞ ¼ I0b€w0b
At12u0t;xy þ At22v0t;yy þ At26ðu0t;yy þ 2v0t;xyÞ þ At16u0t;xx þ At66ðu0t;xy þ v0t;xxÞ þ scyzðzc ¼ 0Þ ¼ I0t€v0t
Ab12u0b;xy þ Ab22v0b;yy þ Ab26ðu0b;yy þ 2v0b;xyÞ þ Ab16u0b;xx þ Ab66ðu0b;xy þ v0b;xxÞ  scyzðzc ¼ cÞ ¼ I0b€v0b
Dt11wxt;xx þ Dt12wyt;yx þ Dt16ð2wxt;xy þ wyt;xxÞ þ Dt26wyt;yy þ Dt66ðwxt;yy þ wyt;xyÞ  jAt45ðw0t;y þ wytÞ
 jAt55ðw0t;x þ wxtÞ þ scxzðzc ¼ 0Þ  ðht=2Þ ¼ I2t€wxt
Db11wxb;xx þ Db12wyb;yx þ Db16ð2wxb;xy þ wyb;xxÞ þ Db26wyb;yy þ Db66ðwxb;yy þ wyb;xyÞ  jAb45ðw0b;y þ wybÞ
 jAb55ðw0b;x þ wxbÞ þ scxzðzc ¼ cÞ  ðhb=2Þ ¼ I2b€wxb
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 jAt45ðw0t;x þ wxtÞ þ scyzðzc ¼ 0Þ  ðht=2Þ ¼ I2t€wyt
Db16wxb;xx þ Db12wxb;yx þ Db26ð2wyb;xy þ wxb;yyÞ þ Db22wyb;yy þ Db66ðwxb;xy þ wyb;xxÞ  jAb44ðw0b;y þ wybÞ
 jAb45ðw0b;x þ wxbÞ þ scyzðzc ¼ cÞ  ðhb=2Þ ¼ I2b€wyb
u0b  u0t ¼ s
c
xz  c
Gc
 ðs
c
xz;xx þ scyz;yxÞc3
12Ec
 ðw0t;x þ w0b;xÞc=2þ ðhtwxt þ hbwxbÞ
2
þ qcc
3
24Ec
ð€w0b;x þ €w0t;xÞ
v0b  v0t ¼
scyz  c
Gc
 ðs
c
xz;xy þ scyz;yyÞc3
12Ec
 ðw0t;y þ w0b;yÞc=2þ
ðhtwyt þ hbwybÞ
2
þ qcc
3
24Ec
ð€w0b;y þ €w0t;yÞ ð21ÞThe contact loads qj(j = t,b) are assumed to be represented by series expansion and are separable into func-
tions of time and position as follows:qjðx; y; tÞ ¼
X1
m¼1
X1
n¼1
XN
i¼1
qimnðtÞ
" #
sinðamxÞ sinðbnyÞ ð22ÞThe Fourier coeﬃcients qimnðtÞ; ði ¼ 1; 2; . . . ;NÞ for a concentrated contact loads Fi(t) located at the points
(xi,yi) of the top face-sheets becomeqimnðtÞ ¼
4F iðtÞ
ab
sinðamxiÞ sinðbnyiÞ ð23Þi is a superscript and denotes the ith impact (i = 1,2, . . . ,N). Similarly, for uniform dynamic contact loads Fi(t)
distributed on patches with length ui and width vi the Fourier coeﬃcients becomeqimnðtÞ ¼
16F iðtÞ
p2mnuv
sinðamxiÞ sinðbnyiÞ sinðamui=2Þ sinðbnvi=2Þ ð24Þwhere (xi,yi) is the location of center of patch of the ith contact point, am ¼ mpa and bn ¼ npb . In this paper, it is
assumed that the vibration of the projectile can be neglected. Wave controlled (small mass) impact response
occurs when the impactor mass is smaller than one ﬁfth of the wave aﬀected plate mass when a major wave
ﬁrst reaches a boundary (Olsson, 2002). In practice, the contact force is the result of contact deformation be-
tween the impactor and the target and should be evaluated.
The indentation of sandwich panels may be separated in the Hertzian indentation of the face-sheet and the
local deﬂection of the face sheet. Deviations from the Hertzian contact law for a half-space are caused by face-
sheet ﬁnite thickness eﬀects (Suemasu et al., 1994) or large local face-sheet curvature (Wu and Yen, 1994). A
further discussion on these issues may be found in (Olsson et al., 2005). The local deﬂection of the face-sheet
may be aﬀected by core crushing and membrane eﬀects due to large face-sheet deﬂections (Olsson and
McManus, 1996). These eﬀects are signiﬁcant in many applications but are not considered in the present
paper.
The contact force between the ith impactor and the impacted face-sheet of the sandwich panel during the
impact can usually be approximated and governed by the non-linear power-law of the form (Gong and Lam,
2000; Abrate, 1997)F icðtÞ  KicðaiÞP ð25Þ
where Kic and P can be obtained by static indentation tests on the bare face-sheet or estimated by Hertzian
contact theory (Gong and Lam, 2000) and ai is the relative indentation between the impactor and the impacted
top face-sheet of the panel. The indentation is deﬁned byai ¼ wiP  w0tðxi; yiÞ ð26Þ
where wiP denotes the displacement of the ith impactor, and w0t(xi,yi) is the transverse displacement of the top
face-sheet at the ith impact location.
In Hertzian indentation, P = 1.5 (Gong and Lam, 2000; Abrate, 1997), the contact stiﬀness Kic for the ith
impactor-face-sheet contact can be estimated by the contact stiﬀness for a half space
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4
3
 
EðRiÞ12; 1
E
¼ 1 ðm
iÞ2
Ei
þ 1 m
2
P
Ep
ð27Þwhere Ri, mi, Ei are respectively the radius of curvature, Poisson’s ratio and the elastic modulus of the ith
impactor. EP and mP are the eﬀective transverse elastic modulus and the transverse Poisson’s ratio of the im-
pacted face-sheet. i is a superscript and denotes the ith impact (i = 1,2, . . . ,N). However, for common ﬁbre
reinforced laminates, EP is only moderately larger than the transverse ply stiﬀness E33 = E22 (Olsson et al.,
2005). The indentation of a ﬁnite thickness face-sheet is smaller than in the half-space used to derive the Hertz-
ian indentation. This eﬀect is important whenever the contact radius is of the same order as the face-sheet
thickness. A useful approximate solution for the indentation of ﬁnite thickness plates was provided in the ref-
erence by Suemasu et al. (1994).
The solution by Suemasu et al. assumes a free back face, rather than the core support present in a sandwich
plate, but the inﬂuence should be small due to the low stiﬀness of typical sandwich cores.
The total eﬀect of ﬁnite thickness and a more correct calculation of the plate eﬀective out-of-plane modulus
are likely to be very small as the response is dominated by global plate deﬂection and local deﬂection of the top
face-sheet. Thus, in the present analysis the indentation of the face-sheet is assumed to obey the Hertzian con-
tact law for a half-space, i.e., Eq. (25) with P = 1.5 and Kc given by Eq. (27).
The equation of motion for the ith impactor can be written asmiP €w
i
P þ F iðtÞ ¼ 0; wiP ðt ¼ 0Þ ¼ 0; _wiP ðt ¼ 0Þ ¼ V i0 ð28Þwhere miP is the mass of the ith impactor, w
i
P is the displacement of the ith impactor, and F
i(t) is the contact
force between the ith impactor and the sandwich panel (see Eq. (29)). i is a superscript and denotes the ith
impact (i = 1,2, . . . ,N). As Eq. (25) can be highly non-linear, seeking an analytic solution for the contact force
might pose a formidable task. The approach by Choi (Choi and Lim, 2004), employs a linearized eﬀective con-
tact stiﬀness Kic for the ith impactor-panel contact, and the assumption of an approximate linear relationship
between the equivalent contact force and contact deformation. Choi showed that even changes in the contact
coeﬃcients (Kic and P) by a factor of two induce only about 2% diﬀerence in analytical results. So, it may be
concluded that the diﬀerence in contact coeﬃcients does not induce any serious diﬀerences in results in the
impact analysis (Choi and Lim, 2004).
In the case of impact on a plate structure, the displacement of the impactor is determined mainly by struc-
tural deformation of the plate. Usually the indentation of the plate structure is much smaller than the defor-
mation of the plate, so the contact law or indentation law cannot induce any signiﬁcant eﬀect on the impact
force history (Choi and Lim, 2004). In order to obtain a linearized contact law, Choi’s approach is used in this
paper. The line from the point determined by the maximum contact force and the maximum indentation to
origin in the contact force-indentation relation graph will be the curve of the linearized contact law. Therefore,
using Choi’s approach, Eq. (25) and linearizing with respect to maximum contact force F imax and maximum
indentation aimax, we obtain the following two equations:F icðtÞ ¼ Kicai ð29aÞ
Kic ¼ ðKicÞ
1
P .ðF imaxÞ
P1
P ð29bÞi is a superscript and denotes the ith impact (i = 1,2, . . . ,N). For Hertzian contact P = 1.5, Eq. (29b) can be
written as Kic ¼ ðKicÞ2=3  ðF imaxÞ1=3.
The maximum contact force F imax can be obtained by an iteration process. We can start the impact response
analysis assuming an inﬁnite contact stiﬀness. Alternatively we can start with an assumed value for maximum
contact force. After performing the analysis (with solution of the system of coupled ordinary diﬀerential Eq.
(32)) with the assumed value we can get a computed value for the maximum contact force, and then we can
perform a new analysis with the computed force. This iteration process will ﬁnally give us an accurate value
for the maximum contact force and at the same time accurate analytical results on impact response.
The impact loads considered in the analysis need not be concentrated at a point, as has been assumed in
most of the existing literature. Instead, the forces are considered to be distributed in a uniform manner over
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geometry of the impactors. The contact area is varies during the contact history. For an elastic spherical
impactor in contact with an isotropic elastic half-plane, Timoshenko and Goodier (1951) have given the rela-
tion between the ith contact radius Ricontact, applied load F
i(t), (i = 1,2, . . . N), impactor radius Ri, and E that
was given in Eq. (27)RicontactðtÞ ¼ 0:909 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F iðtÞ  Ri
E
3
r
ð30ÞIn this paper, assuming that uiðtÞ ¼ viðtÞ ¼ 2RicontactðtÞ, the eﬀect of the variation of contact area with time is
considered in the impact analysis of a sandwich panel. The concentrated impact loads are simulated by spread-
ing the load over a small square patch with length ui(t) or less. This overcomes the inherent singularity asso-
ciated with the concentrated load and thus no recourse needs to be made to empirical procedures in order to
overcome the singularity.
The impact solution for a rectangular plate with simply supported boundary conditions at the top and bot-
tom face-sheets is assumed to be in the following form:u0jðx; y; tÞ
v0jðx; y; tÞ
w0jðx; y; tÞ
wxjðx; y; tÞ
wyjðx; y; tÞ
scxzðx; y; tÞ
scyzðx; y; tÞ
2
66666666666664
3
77777777777775
¼
X1
m¼1
X1
n¼1
u0jmnðtÞ  cosðamxÞ  sinðbnyÞ
v0jmnðtÞ  sinðamxÞ  cosðbnyÞ
w0jmnðtÞ  sinðamxÞ  sinðbnyÞ
A0jmnðtÞ  cosðamxÞ  sinðbnyÞ
B0jmnðtÞ  sinðamxÞ  cosðbnyÞ
T cxmnðtÞ  cosðamxÞ  sinðbnyÞ
T cymnðtÞ  sinðamxÞ  cosðbnyÞ
2
66666666666664
3
77777777777775
ð31ÞThe above double Fourier series functions can satisfy some boundary conditions for a plate i.e., simply sup-
ported on all edges. However, when all edges are clamped, the functions cos(amx) and cos(bny) in series expan-
sions of wxj and wyj, respectively, are replaced by sin(amx) and sin(bny).
In Eq. (31) u0jmn, v0jmn, w0jmn, A0jmn, B0jmn, Tcxmn and Tcymn are time dependent unknown Fourier coeﬃ-
cients, m and n are respectively the half wave numbers in x- and y-directions and j = t,b, where t and b mean
the top and the bottom face-sheets. The dynamic equations of motion of the system of panel and impactors in
terms of deformation and rotation components and shear stresses in the core are derived by using the ﬁeld
equations along with the constitutive relations and the governing Eqs. (13) and (28). Then by applying the
Galerkin method, the governing equations are reduced to the following system of coupled ordinary diﬀerential
equations:½M f€vg þ ½Kfvg ¼ fQg; vðt ¼ 0Þ ¼ ½0
miP €w
i
P þ F iðtÞ ¼ 0; wiP ðt ¼ 0Þ ¼ 0; _wiP ðt ¼ 0Þ ¼ V i0
ð32Þwhere F iðtÞ ¼ Kicai and ai ¼ wiP  w0tðxi; yiÞ are related to the transverse displacements wiP of the impactors and
w0t(xi,yi) of the panel at the impact locations (i = 1,2, . . . ,N).
Therefore, the problem of impact on a sandwich panel reduces to the standard structural response equa-
tion. [M ] is the (10mn) · (10mn) square mass matrix, [K] is the (10mn) · (10mn) square symmetric stiﬀness
matrix and {Q} is the (10mn) · 1 vector of impact forces. The system of Eq. (32) has 10mn + N coupled ordin-
ary diﬀerential equations and can be readily solved with a suitable numerical integration procedure.
These non-linear second-order diﬀerential equations, can be solved by the Runge–Kutta numerical method
by ODE tools of MATLAB-7.0 software.
The mass and stiﬀness coeﬃcients for simply supported rectangular sandwich panels are listed in Appendix
B. For the case of general dynamic analysis, the vector {v(t)}[(10·m·n),1] contains 10 sets of time dependent
unknowns: u0t and v0t, the in-plane deformations of the mid-plane of the top face sheet respectively in x-
and y-directions; u0b and v0b, the in-plane deformations of the mid-plane of the bottom face-sheet respectively
in x- and y-directions; w0t and w0b, the vertical deﬂections of the top and the bottom face-sheet respectively; wx
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scyz, the shear stresses in the core in the vertical direction.
Then, the normal stress and horizontal and vertical displacements in the core can be computed using Eqs.
(15)–(18). Also, the contact forces are obtained by using Eq. (29).
2.2. The allowable minimum distance between two impactors for acceptable validation of results
As no literature could be found on the impact of multiple impactors, the present formulation is validated
indirectly by comparing the local responses of two cases of double small masses and single small mass impacts
at the identical impact location. In these cases the masses and velocities of impactors, boundary conditions,
material properties as well as geometrical dimensions of the target panels are identical. In the ﬁrst case study
the panel is impacted at two locations (x1,y1) and (x2,y2) simultaneously and in the second case study the
panel is impacted at one location (x1,y1). The left half of these two systems is identical. Small mass impacts
on sandwich panels are a common response type caused by hailstones and runway debris (Olsson, 2002). Small
mass impact response occurs when the impactor mass is less than 1/5 of the mass of the impacted panel. There-
fore, with calculating of the largest radius Ri of circular area of the ith impactor for which waves do not inter-
fere with the boundaries of the panel as well as at tangent point of circular virtual boundaries of wave
controlled areas of two impactors, the condition for acceptable validation of results of multiple mass impacts
problem can be obtained based on Olsson’s classiﬁcation (Olsson, 2000) as follows:miP
M sand
< 0:2 ð33Þwhere Msand is the total mass of sandwich panel. Using basic relation between density and volume of mate-
rials, for spherical impactors Eq. (33) can be written as follows:Ri P 2Ri
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5qiRi
3qh
s
ð34Þwhere Ri and qi are the radius and material density of the ith impactor, respectively. i is a superscript and de-
notes the ith impact (i = 1,2, . . . ,N). q and h are the equivalent material density and thickness of sandwich
panel, respectively. Therefore by considering Olsson’s small mass impact principle, the minimum distance dmin
between two arbitrary impactors (the ith and the (i  1)th impactors) is obtained as follows:dmin P 2Ri
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5qiRi
3qh
s
þ 2Ri1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5qi1Ri1
3qh
s
ð35Þi and i  1 are superscripts. It is clear, that validation of results by comparing of multiple masses and single
mass impacts is correct and acceptable when Eq. (35) is satisﬁed. With this condition satisﬁed, the impact re-
sponse of structure will be localized response and nearly independent of contact locations. Therefore the local
response of the left side of the two cases will be very similar according to Olsson’s principle. If the two ith and
the (i  1)th impactors are identical, Eq. (35) simpliﬁes to the below Eq. (36).dmin P 5:1639Ri
ﬃﬃﬃﬃﬃﬃﬃﬃ
qiRi
qh
s
ð36Þ3. Validation of results and discussion
In order to verify and validate the results for single small mass impact, the numerical results obtained are
compared with recent experimental and theoretical results found in literature.
As no literature could be found on the impact of multiple impactors over sandwich panels, the present
formulation is validated indirectly by comparing the local responses of two cases of double small masses
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as the derived Eq. (35). Based on the condition of Eq. (35), the small mass impacts are local phenomena.
Therefore, the response of the panel is localized and the comparison of the two cases of double small masses
and a single small mass impact is correct.
3.1. Dynamic response of simply supported rectangular composite sandwich panel subjected to low-velocity
impact
The panel considered is simply supported and is fabricated with graphite-bismaleimide (IM7/5260) face-
sheets and glass ﬁbre-reinforced phenolic honeycomb core. The stacking sequence of plies in the top face sheet
and the bottom face-sheet is [(45/0/  45/90/0)2/90]s.The details of this sandwich construction are presented in
the column ‘‘example 1’’ of Table 1. The panel is 114.3 mm wide and 241.3 mm long. Its exposed area was
impacted by means of a dropped weight with 12.7 mm diameter hemispherical tup (mP/Msand = 1.605) at
an energy level of 2.7138 J, which is below the damage threshold level to generate contact force and sur-
face-strain results (Ambur and Cruz, 1995) that are used for validating the present approach. Bottom surface
strain for this sandwich panel is presented in Fig. 3. The strain proﬁle so obtained is compared with the exper-
imental and analytical results by Ambur and Cruz, 1995 in which the face-sheet is treated as a plate on an
elastic foundation. The strain results, based on the present model are in good agreement with the experimental
results. The results obtained from the present model are closer to experimental results than those obtained
from the plate on elastic foundation model(Ambur and Cruz, 1995). This close agreement of back-surface
strain with experimental results reﬂects that the through-thickness deformation and the transverse ﬂexibility
of the core of panel which inﬂuence the back-surface strain have been appropriately accounted for in the pres-
ent analysis based on the improved high-order sandwich plate theory (IHSAPT).
3.2. Dynamic response of simply supported square composite sandwich panel subjected to low-velocity
impact
Material data of the face-sheets and the core, geometrical properties and type of the panel used for the large
mass impact are shown in example 2 of Table 1 except for the overall dimensions of the panel, which are
76.2 · 76.2 mm instead of 158.7 · 158.7 mm. To validate the proposed model, the results are compared with
experimental and numerical force histories of large mass impact obtained by Anderson (2005), on sandwich
panels with edge support to verify the accuracy of the procedure. The specimen incorporated a core of
12.7 mm thickness (a/h = 4.8021,hc/h = 0.8004,a/b = 1). The mass of the impactor is 1.8 kg and the impactTable 1
Material properties of the sandwich panels
Properties Example 1 Example 2
Face-sheets Honeycomb core Face-sheets Foam core (high density)
E11 (GPa) 153 0.000689 54 0.18
E22 (GPa) 8.96 0.000689 54 0.18
E33 (GPa) 8.96 0.4756 4.84 0.18
G12 (GPa) 5.1 0.000275 3.16 0.07
G13 (GPa) 3.79 0.2754 1.87 0.07
G23 (GPa) 3.3 0.0965 1.87 0.07
m12 0.29 0.25 0.06 0.286
m13 0.29 0.03 0.313 0.286
m23 0.29 0.03 0.313 0.286
q (kg/m3) 1650 88.14 1511 110
hc (mm) – 9.525 – 12.7
Ply thickness tply (mm) 0.3 – 0.264 –
a (mm) 241.3 241.3 158.7 158.7
b (mm) 114.3 114.3 158.7 158.7
Material IM7/5260 Glass-phenolic LTM45EL-CF0111 Carbon ﬁber 110WF Polymethacryimide foam
Fig. 3. Variation of strain on the lower surface of the impacted panel at a point opposite to the impact point.
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½002=9002=002=core=002=9002=002 and the thickness of all layers in the face-sheets are assumed identical and
0.264 mm.
Fig. 4 shows predicted and experimental contact force histories of the panel at the center of the top face-
sheet of the panel for the impact energy level of 8.07 J. The contact force histories are also compared with the
predictions by Anderson (2005), which are slightly out of phase with the experiments and present predictions.
The over prediction of the load by the present method is likely due to the assumption of elastic core behavior,
i.e., neglect of core crushing.
3.3. Validation of the formulation for a system with multiple impactors
Material data of the face-sheets and the core, geometrical properties and types of the panels used for the
small mass impact analysis are shown in example 2 of Table 1. The specimens incorporated a core of
12.7 mm thickness and overall dimensions of 158.7 · 158.7 mm (a/h = 10,hc/h = 0.8004,a/b = 1). The bound-
ary conditions of the top face sheet and the bottom face-sheet are simply supported. In this example the mass
of the impactors is 5 g or 10 g while, the impact velocity of all impactors is 3 m/s. The tips of the impactingFig. 4. Predicted and experimental contact force histories of the panel at the center of top face-sheet of the panel.
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assumed identical and its value is 0.264 mm. The lay ups of the panel is ½002=9002=002=core=002=9002=002.
As no literature could be found on the impact of multiple impactors over sandwich panels, the present for-
mulation is validated indirectly by comparing the local responses of two cases of double small masses and a
single small mass impact at contact points with identical locations satisfying Olsson’s principle as well as the
derived Eq. (35). In the ﬁrst case study the panel was impacted at two locations (x1 = a/6,y1 = b/2) and
(x2 = 5a/6,y2 = b/2) simultaneously and in the second case study the panel was impacted at one location
(x1 = a/6,y1 = b/2). With these deﬁnitions, the left half of these two systems is identical. The two cases are
solved and their local dynamic characteristics at location (x1 = a/6,y1 = b/2) are compared. The contact force
histories are presented in Fig. 5, the maximum transverse deﬂections of the top and the bottom face-sheets of
the panel in Fig. 6 and the maximum indentation of the top face-sheet, which is assumed equal to the diﬀerence
in maximum transverse deﬂection of the top and bottom face-sheets, in Fig. 7. As seen in the ﬁgures, all theFig. 5. Comparison of contact force histories of two cases at the identical contact locations (x1 = a/6,y1 = b/2) of the top face-sheet of the
panels.
Fig. 6. Comparison of the maximum transverse deﬂections of two cases at the top and bottom face-sheets through impact points on the
top face-sheet of simply supported panels along the section y = b/2, variation is shown along x-axis.
Fig. 7. Comparison of the maximum transverse indentations (the indentation in no impacted points only is equal to the diﬀerence of
transverse deﬂections of the top and the bottom face-sheets) of two cases through impact points on the top face-sheet of the panel along
the section y = b/2, variation is shown along x-axis.
Fig. 8. (a) Comparison of the maximum in-plane stresses rxx in the top face-sheet of the panels of two cases and (b) comparison of the
maximum normal stresses rczz in the core (at the core and the top face-sheet interface) through impact points on the top face-sheet of the
panels along the section y = b/2, variation is shown along x-axis.
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actors and 1 · 5 g mass impactor at (x1 = a/6,y1 = b/2), match very closely for panels with simply supported or
fully clamped boundary conditions. As seen from Fig. 5, the eﬀect of boundary conditions of the panel is neg-
ligible and these results are in quite good agreement with Olsson’s wave control principle (Olsson, 2000). Also,
Fig. 5 shows, that the contact force histories of impacts with 2 · 10 g mass impactors and 1 · 10 g mass impac-
tor at location (x1 = a/6,y1 = b/2), match very closely for panels with simply supported boundary conditions.
Fig. 5 indicates an increase of the contact force with increase of impactor masses. Fig. 6a and b show a com-
parison of the maximum transverse deﬂections of two cases at the top and the bottom face-sheets through
impact points on the top face-sheet of the panel along the section y = b/2, respectively. Fig. 6a shows a good
agreement between the maximum deﬂections of the top face-sheet at the contact location (x1 = a/6,y1 = b/2)
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ancy between the maximum deﬂections of the bottom face-sheets for the two cases.
Also, Fig. 6a shows that, like impacts with 2 · 5 g mass impactors and 1 · 5 g mass impactor, the maximum
transverse deﬂection of top face-sheets of impacts with 2 · 10 g mass impactors and 1 · 10 g mass impactor at
location (x1 = a/6,y1 = b/2) and x1/a = 1/6 (on the ﬁgure), match very closely for panels with simply sup-
ported boundary conditions.
Fig. 7 shows a comparison of the maximum transverse indentations of two cases through impact points on
the top face-sheet of the panel along the section y = b/2. It is clear that the transverse indentations in other
points (not impact points) through impact points on the top face-sheet of the panel along the section
y = b/2 mean only the diﬀerence of transverse deﬂections of the top and the bottom face-sheets. As seen in
the ﬁgures, all the characteristics match very closely at location (x1 = a/6,y1 = b/2) and x1/a = 1/6. Also, as
seen from Fig. 7, the eﬀect of boundary conditions of the panel is negligible and these results are in quite good
agreement with Olsson’s wave control principle (Olsson, 2000).
Figs. 8 and 9 show comparisons of the maximum in-plane stresses rxx in the top face-sheet of the panel, the
maximum normal stresses rczz in the core (at core and top face-sheet interface), the maximum in-plane shearFig. 9. (a) Comparison of the maximum in-plane shear stresses sxy in the top face-sheet of the panels of the two cases and (b) comparison
of the maximum shear stresses scxz in the core through impact points on the top face-sheet of the panels along the section y = b/2, variation
is shown along x-axis.
Fig. 10. Three-dimensional view of the maximum deﬂection of the top face-sheet of simply supported panel impacted with 2 · 5 g mass
impactors at locations, (x1 = a/6,y1 = b/2) and (x2 = 5a/6,y2 = b/2) with impactor velocities of 3 m/s.
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through impact points on the top face-sheet of the panel along the section y = b/2. The ﬁgures show that theFig. 11. Three-dimensional view of the maximum deﬂection of the top face-sheet of simply supported panel impacted with 1 · 5 g mass
impactor at location, (x1 = a/6,y1 = b/2) with impactor velocity of 3 m/s.
Fig. 12. Three-dimensional view of the maximum shear stress in the core scxz of simply supported panel impacted with 2 · 5 g mass
impactors at locations, (x1 = a/6,y1 = b/2) and (x2 = 5a/6,y2 = b/2) with impactor velocities of 3 m/s.
Fig. 13. Deﬂections of the top and the bottom face-sheets of simply supported panel impacted with 2 · 10 g mass impactors at locations,
(x1 = a/6,y1 = b/2) and (x2 = 5a/6,y2 = b/2) with impactor velocities of 3 m/s. The proﬁles are indicated with increasing contact time
during multiple mass impact, along the section at y = b/2 and parallel to x-axis.
Fig. 14. Normal stress ðrczzÞ in the core–top face-sheet interface of the panel impacted with 2 · 5 g mass impactors at locations, (x1 =
a/6,y1 = b/2) and (x2 = 5a/6,y2 = b/2) with impactor velocities of 3 m/s. The proﬁles are indicated with increasing contact time during
multiple mass impact. (a) Along the section at x = a/6 and parallel to y-axis and (b) along the section at y = b/2 and parallel to x-axis.
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for panels with simply supported boundary conditions. As seen in Figs. 5–9, all the characteristics match well.
With this example, the present higher-order theory is validated for the impact loading of multiple impactors.
Figs. 10–12 show three-dimensional views of the maximum deﬂection of the top face-sheet of the simply
supported panel when it is impacted with 2 · 5 g mass impactors, the maximum deﬂection of the top face-sheet
of the simply supported panel when it is impacted with 1 · 5 g mass impactor and the maximum shear stress in
the core of the simply supported panel when it is impacted with 2 · 5 g mass impactors, respectively. Fig. 13
shows deﬂections of the top and the bottom face-sheets of the simply supported panel when it is impacted with
2 · 10 g mass impactors. The proﬁles with increasing contact time during impact are indicated in the ﬁgure
along the section at y = b/2 and parallel to x-axis.
Fig. 14 shows the normal stress ðrczzÞ in the core of the simply supported panel when it is impacted with
2 · 5 g mass impactors. The proﬁles in the core–top face-sheet interface with increasing contact time during
impact are indicated in Fig. 14a and b, along the section at x = a/6 and parallel to y-axis and along the section
at y = b/2 and parallel to x-axis, respectively.4. Conclusion
An improved fully dynamic higher-order impact theory is presented and developed to analyze the low-
velocity impacts dynamic of a system which consists of a composite sandwich panel with transversely ﬂexible
core and multiple impactors. The contact forces between the panel and the impactors are treated as the inter-
nal forces of the system. The analytical relations of minimum distance between two impactors in multi-mass
impact analysis are derived based on Olsson’s wave control principle in this paper. A modiﬁed Hertzian con-
tact law is applied for indentation of the face-sheet and the contact area is varied with contact duration.
As seen from the results, the present model is in excellent agreement with alternative solutions and exper-
imental test results. For small mass impact no signiﬁcant changes in the contact force history were observed
when changes in boundary conditions from simply supported to fully clamped ends was made. The results in
multiple mass impacts over sandwich panels that are hitherto not reported in the literature are presented based
on proposed improved higher-order sandwich plate theory (IHSAPT). The present formulation is general in
that it allows the impactors to be of diﬀerent masses and to strike the panel with diﬀerent initial velocities at
arbitrary locations.
6686 K. Malekzadeh et al. / International Journal of Solids and Structures 43 (2006) 6667–6687Appendix A. The boundary conditions at the edges of upper and lower face-sheet are
i i i iNxxðx¼ 0 or x¼ aÞ¼ aNxx or u0iðx¼ 0 or x¼ aÞ¼ 0; Nxyðx¼ 0 or x¼ aÞ¼ aNxy or v0iðx¼ 0 or x¼ aÞ¼ 0
Niyyðy¼ 0 or y¼ bÞ¼ aNiyy or v0iðy¼ 0 or y¼ bÞ¼ 0; Nixyðy¼ 0 or y¼ bÞ¼ aNixy or u0iðy¼ 0 or y¼ bÞ¼ 0
Mixxðx¼ 0 or x¼ aÞ¼ 0 or wxiðx¼ 0 or x¼ aÞ¼ 0; Miyyðy¼ 0 or y¼ bÞ¼ 0 or wyjðy¼ 0 or y¼ bÞ¼ 0
Mixyðy¼ 0 or y¼ bÞ¼ 0 or wxiðy¼ 0 or y¼ bÞ¼ 0; Mixyðx¼ 0 or x¼ aÞ¼ 0 or wyiðx¼ 0 or x¼ aÞ¼ 0
Mixy at ððx¼ 0 or x¼ aÞ and ðy¼ 0 or y¼ bÞÞ¼ 0 or w0iððx¼ 0 or x¼ aÞ and ðy¼ 0 or y¼ bÞÞ¼ 0
Qiyðy¼ 0 or y¼ bÞ¼ 0 or w0iðy¼ 0 or y¼ bÞ¼ 0
Qixðx¼ 0 or x¼ aÞ¼ 0 or w0iðx¼ 0 or x¼ aÞ¼ 0 i¼ t;bSubscripts and superscripts t and b mean the top and bottom face-sheets.
The boundary conditions at the edges of the core at zc = z, readscxzðx ¼ 0 or x ¼ aÞ ¼ 0 or wcððx ¼ 0 or x ¼ aÞ; zÞ ¼ 0
scyzðy ¼ 0 or y ¼ bÞ ¼ 0 or wcððy ¼ 0 or y ¼ bÞ; zÞ ¼ 0Appendix B. Stiﬀness matrix-coeﬃcients
t 2 t t tK11mn ¼ A66bn þ A11a2m; K12mn ¼ ðA12 þ A66Þambn; K1;11mn ¼ 1
K22mn ¼ At22b2n þ At66a2m; K2;12mn ¼ 1; K33mn ¼ Ab66b2n þ Ab11a2m
K34mn ¼ ðAb12 þ Ab66Þambn; K3;11mn ¼ 1; K44mn ¼ Ab22b2n þ Ab66a2m
K4;12mn ¼ 1; K55mn ¼ kAt55a2m þ kAt44b2n þ R11; K56mn ¼ R11
K57mn ¼ kAt55am; K59mn ¼ kAt44bn; K5;11mn ¼ amhc=2
K5;12mn ¼ bnhc=2; K66mn ¼ kAb55a2m þ kAb44b2n þ R11; K68mn ¼ kAb55am
K6;10mn ¼ kAb44bn; K6;11mn ¼ amhc=2; K6;12mn ¼ bnhc=2
K77mn ¼ Dt66b2n þ Dt11a2m þ kAt55; K79mn ¼ ðDt12 þ Dt66Þambn; K7;11mn ¼ ht=2
K88mn ¼ Db66b2n þ Db11a2m þ kAb55; K8;10mn ¼ ðDb12 þ Db66Þambn; K8;11mn ¼ hb=2
K99mn ¼ Dt66a2m þ Dt22b2n þ kAt44; K9;12mn ¼ ht=2; K10;11mn ¼ hb=2
K10;10mn ¼ Db66a2m þ Db22b2n þ kAb44; K11;11mn ¼ ðR12 þ R13a2mÞ; K11;12mn ¼ ðR13ambnÞ
K12;12mn ¼ ðR12 þ R13b2nÞExcept for the above elements and their symmetric counterparts, the other elements of the complex stiﬀness
matrix are zero.
B.1. Symmetric mass matrix-coeﬃcientsM11 ¼ R5; M22 ¼ R5
M33 ¼ R4; M44 ¼ R4
M55 ¼ R5 þ mc=3; M65 ¼ M56 ¼ R2
M66 ¼ R4 þ mc=3; M77 ¼ I2t; M88 ¼ I2b
M99 ¼ I2t; M10;10 ¼ I2b; M11;5 ¼ M11;6 ¼ R14am
M12;5 ¼ M12;6 ¼ R14bn
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R10 ¼ mch2b=12; R2 ¼ mc=6Except for the above elements, the other elements of the mass matrix are zero.
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